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QUESTION 1. Let T : R3 → R2 be an R-homomorphism that is ONTO. Given T (2, 1, 5) = (0, 0), T (1, 0, 2) =
(3, 0), and T (0, 1, 0) = (0, 5). Find all points in R3, say (a, b, c), such that T (a, b, c) = (6,−5)

QUESTION 2. (a) Let 1 ≤ n <∞. Now, let a1, a2, ..., an, b1, ..., bn ∈ R. Prove that
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QUESTION 3. (a) Let x, y ∈ V , where V is a real inner product vector space. Prove that∣∣x+ y|2 + |x− y|2 = 2(|x|2 + |y|2)

(b) Let V be a normed finite dimensional vector space and T : V → V be a linear transformation such that
||T (v)|| ≤ 3||v||. Prove that T −

√
11I is an invertible linear transformation from V ONTO V .

(c) Let T : R2 → R2 be a linear transformation such that T (3, 5) = (6, 10), and T − 5I : R2 → R2 is a
non-invertible linear transformation. Prove that T is invertible. [Hint: T (3, 5) = 2(3, 5)]

QUESTION 4. (i) Give me an example of a normed vector space V where ||u+w|| = 2||u||, for some u,w ∈ V ,
but ||u|| 6= ||w||.

(ii) Given T : R3 → R2 is a linear transformation, B is a basis for R3 and C = {(1, 1), (−1, 1)} is a basis for R2.

Assume that [T ]B,C =

[
1 1 1
−1 −1 −1

]
. Find the standard matrix MT and Ker(T ).

(iii) We know that < f1, f2 >=
∫ 1

0 f1f2 dx for every f1, f2 ∈ P3 is an inner product on P3. Let D = span{x2, x}.
Find D⊥.

(iv) Let < , > be the normal dot on R4. Given D = span{(1, 1, 1, 1), (−2,−3,−1,−2)} and dim(D) = 2. Find
the point d ∈ D that is the nearest to the point Q = (16,−4, 4,−4) 6∈ D, i.e., find the point d in D such that
|Q− d| is minimum. [Hint: OPTIONAL, maybe the kill below method gives you an orthogonal basis for D]

QUESTION 5. Let < , > be the normal dot on Rn and Rm. Given T : Rn → Rm is a linear transformation. Let
{e1, ..., en} be the standard basis of Rn and {b1, ..., bm} be the standard basis of Rm.

(i) Prove that there are unique m points in Rn, say q1, ..., qm ∈ Rn such that

T (v) = (< q1, v >, < q2, v >, ...., < qm, v >)

for every v ∈ Rn. [Hint: just translate some familiar math!]

(ii) Prove that dim(Ker(T ∗)) = dim((Range(T ))⊥) [Hint : Let L be the co-linear of T ∗, show that Ker(L) =
(Range(T ))⊥ (maybe (i) is useful). Hence the translation of Ker(L) to the language of (Rm)∗ is the Ker(T ∗).
Thus dim(Ker(L)) = dim(Ker(T ∗)) = dim((Range(T ))⊥)]

(iii) Assume Rn = R2 and Rm = R3 and Range(T ) = span{q1 = (1, 1, 1), q2 = (−1,−1, 0)} (note that q1, q2
are independent). Find Ker(T ∗).
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